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ABSTRACT 

It is known from earlier work of Iqbal, Liu [1] that the boundary transport 
coefficients such as electrical conductivity (at vanishing chemical potential), 
shear viscosity etc. at low frequency and finite temperature can be expressed 
in terms of geometrical quantities evaluated at the horizon. In the case of 
electrical conductivity, at zero chemical potential gauge field fluctuation and 
metric fluctuation decouples, resulting in a trivial flow from horizon to bound- 
ary. In the presence of chemical potential, the story becomes complicated due 
to the fact that gauge field and metric fluctuation can no longer be decoupled. 
This results in a nontrivial flow from horizon to boundary. Though horizon 
conductivity can be expressed in terms of geometrical quantities evaluated 
at the horizon, there exist no such neat result for electrical conductivity at 
the boundary. In this paper we propose an expression for boundary conduc- 
tivity expressed in terms of geometrical quantities evaluated at the horizon 
and thermodynamic quantities. We also consider the theory at finite cut- 
off recently constructed in [2], at radius r c outside the horizon and give an 
expression for cutoff dependent electrical conductivity (cr(r c )), which inter- 
polates smoothly between horizon conductivity <7f/(r c — > r^) and boundary 
conductivity crg(r c — > oo). Using the results about the conductivity we gain 
much insight into the universality of thermal conductivity to viscosity ratio 
proposed in [3]. 
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1 Introduction 



AdS/CFT correspondence provides us a powerful tool to study the gauge theories at strong 
coupling. In particular, we can gain insight into transport properties of gauge theories 
by studying their gravity duals. At finite temperature and at large length scales, any 
interacting QFT is described by hydrodynamics. In the gravity side, finite temperature 
amounts to having a black hole and long wave length physics of field theory is governed 
by the near horizon physics of the black hole. This idea was employed in [1] to show 
that, in the low frequency limit, the linear response of the boundary theory is captured 
completely by the near horizon physics. In [1], authors studied transport coefficients which 
corresponds to the mass less modes in the bulk, resulting in trivial flow from horizon to 
boundary. This resulted in an equality between the boundary and the horizon transport 
coefficients. So when there is a nontrivial flow from horizon to boundary (like massive 
bulk modes), horizon physics will no longer be able to capture the whole low frequency 
AdS/CFT response. Calculation of electrical conductivity in the presence of non-zero 
chemical potential is one such example where corresponding mode in the bulk shows a 
non trivial flow from horizon to boundary. These flow equations are in general complicated 
second order differential equations (if more than one charge is present they are coupled 
as well) and apriori there is no reason that electrical conductivity for different theories 
will show some universal features. The aim of this paper is to investigate whether there 
exist universal result for the electrical conductivity. It turns out that the conductivities 
for gauge theories dual to R— charge black hole in 4, 5 and 7 dimension and Reissner- 
Nordstrom black hole in any dimension behaves in a universal manner. 

The paper is structured as follows. Section 2 is a review of earlier work [4, 5] . We set 
it up in way that allows us to generalize some of the earlier results. In section 3, we take 
up several examples such as R— charge black hole in 4, 5 and 7 dimensions and Reissner- 
Nordstrom black hole in any dimension to demonstrate the relation between horizon 
and boundary conductivity. In section 4 we concentrate more on Reissner-Nordstrom 
black hole in arbitrary dimension and study cutoff dependence of electrical conductivity. 
Results of this section section can be generalized to much more general systems. In 
section 5, we study imaginary part of electrical conductivity, which is shown to be fixed 
once the real part of electrical conductivity is known. In section 6, we study thermal 
conductivity and thermal conductivity to viscosity ratio. In section 7, we compute the 
electrical conductivity, thermal conductivity and thermal conductivity to viscosity ratio 
of gauge theories dual to charged and uncharged Lifshitz like black holes. The paper ends 
with discussion of our results. Appendix A contains some discussion on how to relate 
boundary CFT conductivity to universal conductivity of streached horizon. Section B 
contains discussion on thermal conductivity. Section C, D contains discussion on thermal 
conductivity to viscosity ratio. 
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2 General perturbation equation 



In this section we write down perturbation equation required for computation of electrical 
conductivity (for details see [5] ). For that we consider an action of the form 

-4— G u (r)F^F^ J + Scalar field terms + ....) 

hju{r)Fl v F^ J + Other terms), (2.1) 

where F^ 3 is the field-strength tensor of the J-th U(l) gauge field and Gjj = -^-Gjj. 

9d+l 

The metric that we take is of the form 

d-l 

ds 2 = g tt {r)dt 2 + g rr {r)dr 2 + g xx (r) ^{dx 1 ) 2 , (2.2) 

i=\ 

where r is the radial coordinate. We have assumed full rotational symmetry in x l directions 
(so that gij = g xx Sij, where i,j indices runs over all indices except r,t). We also assume 
that metric components depends on radial coordinate only. We shall work with metric 2 
which has an event horizon, where g tt has a first order zero and g rr has a first order pole 
where as other metric components are finite (as well as non vanishing) at the horizon. 
The boundary of the space time is at r = oo. The gauge coupling Gu may be constant 
or in general can be a function of r, where r dependence might come through scalar field. 

Maxwell equation can be written as 

d lt (y=jG IJ Fy')=0. (2.3) 

If we consider Gu to be diagonal and only A t (r) component to be non zero, we can define 
charge density to be, 

Pi = ^V=gG Iig rr g u Fi t . {2A) 

Since our aim is to compute the electrical conductivity using Kubo formula, it is sufficient 
to consider perturbations in the tensor (metric) and the vector (gauge fields) modes around 
the black hole solution and keep other fields such as scalars unperturbed. So perturbations 
are of the form: 

g,u = gg) + v , K = K m + K ■ ( 2 - 5 ) 

where g^] and A^ ^ are background metric and gauge fields. In order to determine elec- 
trical conductivity it is enough to consider perturbations in (tx 1 ) and (a; 1 ^ 1 ) component 
of the metric tensor and x 1 component of the gauge fields. Moreover one can choose the 

2 For charged black holes, there will exist inner horizons. 



S = / d d+1 x ,/^(—R 



2k 2 ' 
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perturbations to depend on radial coordinate r, time t and one of the spatial coordinates 
say x 2 . A convenient ansatz, with the above restrictions in mind, is 

h txl = g^i T(r) e --*+^ 2 , h x 2 xl = g 0xx Z(r) e"^, A xl = Mr) e~^ t+i ^ . 

(2.6) 

Here u and q represent the frequency and the momentum in x 2 direction respectively and 
we set perturbations in the other components to be equal to zero. Next step is to find 
linearized equations which follow from the equations of motion. It turns out that at the 
level of linearized equation and at zero momentum limit metric perturbation Z(r) decouple 
from the rest. One can further eliminate T(r) reducing it to a equation for perturbations 
in gauge fields only. After substitution one finds the equations for perturbed gauge fields 
to be 

—(Nj—Mr)) ~ u 2 Nj g^Mr) + M M r ) = °- ( 2 - 7 ) 



dr dr 

j=i 



with 
and 



Nj = ^-gG u g xx g TT . (2.8) 



Mu = F I rt ^rgG n g xx g rr g tt G J jFt t . (2.9) 

Note that Mu = Mjj. Let us note that, using eqn. (2.4), we can write 

M U = (2K 2 ) 2 p lPj ^^. (2.10) 

ggxx 



For evaluating the conductivity in the low frequency limit and for non-extremal back- 
grounds, we only need to solve equations up to zeroth order in oj. To that order one 
finds, 

77 rn 

(Nj^Mr)) + E MuMr) = 0. (2.11) 

Following [5], we now write down the effective action which reproduces the eqn. (2. 11) and 
extract out the expression for electrical conductivity using Kubo formula. 



2.1 Effective action and expression for conductivity 

The electrical conductivity is usually computed from current- current correlator 

A = _ lim ^(^ = °) 

iuj 

= lim-L/ dt e~ iut fdx([J x (t,x),J x (0,6)})- (2-12) 

The current- current correlator can be computed by taking second derivative of effective 
action which reproduces the eqn. (2. 11) with respect to boundary fields [6]. The expression 
for electrical conductivity can formally be written as A = icr + a. 
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er(= 3?(A)): In order to determine the real part of the conductivity (er), we follow [5]. 
Effective action can be written as 

+ Mu{r)4>i{r, u>, q)<j>j(r, -u, -q)] . (2.13) 

i,j=i 

Boundary action is given by 

/Ad m 
-\ d ^tiFiKMfai-u,-*)- (2-14) 

V 1 I>K,I,K=1 

where the boundary value of the field 0/(r) is ($(u>, q). Next, the retarded correlators 
are given by 

gR= {-vm»,*), j = k, (2i5) 

\-FjK(w,q) , J ^ K. 

The expression for diagonal and off diagonal parts of the conductivity can be written 

as 



S G R (u,q = 0) 



an = — hm 



2 $t( F n (u ^0,q = 0) 

id 



(2.16) 



and 



3f \G R (u,q = 0) 



a LJ = - lim 



$5 ( Tu{u -> 0, g = 0) 



(2.17) 



respectively. 

In order to find out $5^7^, we need to compute, 



/(^UE^M^t^,^, -,-,))]. (2.18) 



Now 



d " b d 
— s( ^2 N/(r)^0j(r, w ' ?)<M r > -w, -g)) 

m d d 



7=1 



m d d 

+ J] N 7 (r)— 0/(r, w, q)^<Pi{r, -w, -q) 

1=1 



dr dr 
Using (2.11), r.h.s of above equation reduces to 



(2.19) 
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J- M /J (r)0 / (r,a;,g)0 ,7 (r, -u, -q) + ^N I (u)-^-(f> I (r,uj,q)-^(f) I (r, -u, -q) 
U=i i=i r r 



(2.20) 

which is equal to zero since the quantity in the bracket is real. Then (2.18) can 
as well be calculated at the horizon i.e. at r = r h . This simplifies calculations 
significantly. Regularity at the horizon implies 



lim —<t>i{r) = —icu lim x /— <f>i(r) + 0(u 2 ). 

r->r h dr r^r h V g tt 



(2.21) 



Hence (2.18) reduces to 
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(2.22) 



Let us note that, if we take the solutions of the form 

m 

<i>i(r,u,q) = ^^(r,w,g)(/>^, 



A=l 



where 



then we get 



and 



lim 7 (r,w,g) = 0?, 



1 / m i 
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1 / 9rr 

2k 2 V 9tt 



A=l 



(2.23) 



(2.24) 



(2.25) 



(2.26) 
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• Single charge case: For single charge case, consider 0(r) = ifj(r)4> , then we get 

1 fg^l 



3 



(2.27) 



Using eqn.(2.16), we get 



(7 = 



1 / 9rr 

2k 2 V #** 
1 

2^ 



r=r h 



r=r h 



(2.28) 



where 



1 



d-3 
2 



r=r h 



Gn(r) g : 



d-3 

2 
II 



r=r h 



(2.29) 



We can also compute conductivity at any arbitrary radius say at r c . This is given 
by 

■<f>(r = r h )i 2 



d-3 
2 

XX 



r=r h 



4>{r c ) 



(2.30) 



Imaginary part of conductivity a (— 3(A)): The imaginary part of the conduc- 
tivity is 



3(A) = _L l im J_7V( r )l0( r ). 

W0 U r-»oo 2«r ctr 
Using eqn. (2.11) and eqn. (2.10), we can write 



N(r)^<f>(r)\ 



OO 



■(2« a )V / rfr^l^0(r), 



which implies 3 

lim iV( r )— 0(r) = -(2/t 2 )V / dr 

r-Kx> dr 

Defining <f>(r) = i/)(r)<f>o, we find 



9rr9tt 

f^99x. 



4{r). 



(2.31) 



(2.32) 



(2.33) 



9(A) = 4o lim ^2^)4^(0 
o;0 u r->oo 2«r ctr 



-2«V / 

J ex 



dr , — -^(r). 



(2.34) 



3 Lct us note that, N(r = rt) = 0, since N(r) 
boundary if N(r —¥ oo) <~ r 1_ " then </>(r —¥ oo) <~ 



gG(r)g xx g rr and g rr (r = 77,) = 0, and at the 
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Gravity theory in d + 1 dimension 



rr ( sT ^2 



R-charge black hole in 4 + 1 dim. 



N'jT(l+kf 
167r(l+|) 



N'£T{2+k) 
32tt 



N'jT{2+k) 
32tt 



R-charge black hole in 3 + 1 dim. 




(3+2k) 2 N? 
6 3 7r v /2(l+fc) 
4AfgT 3 (l+fc) 
27(3+fc) 



6 3 7T^/2(l + fc) 

4AfgT 3 (l+fc) 
27(3+fc) 



(3+2fc) 2 jV<? 



R-charge black hole in 6 + 1 dim. 
Reissner-Nordstrom black hole in 3 + 1 dim. 



4jV c 3 T 3 (l+fc) 3 
81(1+|) 3 



1 





Table 3.1: Real part of electrical conductivity at the horizon (a H ) and at the Boundary 
(ere) are related by <jb = &h ( -fr-p ) • 



3 Relating boundary and horizon electrical conduc- 
tivity: 



In this section we consider several examples (all are asymptotically Ads spaces) and 
show that for each case there exist a universal relation between boundary and horizon 
conductivity. Rather than providing details of computation, we tabulate the results in 
Table 3.1. For details see [5,7-12]. 

• Single charge: We propose based on the observation in Table 3.1 that for the 
gauge theory with single chemical potential the expression for real part of the con- 
ductivity is given by 



where s, T, P, e are entropy, temperature, pressure and energy density of the bound- 
ary fluid respectively. We observe that boundary conductivity can be expressed in 
terms of geometrical quantities evaluated at the horizon and some combination of 
other thermodynamic quantities. 

• Multiple charge: For multiple charge case (say there are m number of chemical 
potential present in the gauge theory side), then boundary conductivity is m x m 
symmetric matrix (see [5]) where as horizon conductivity ismxm diagonal matrix. 
One can check by explicit computation that in each case the relation 



holds where ajj and &h,ii are boundary and horizon conductivity respectively. For 
the action of the form eqn.(2.1), the expression for horizon conductivity can be 





(3.1) 




(3.2) 
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written as 



1 r 



d-A 
2 

XX 



(3.3) 



Let us note that this expression reduces to eqn.(3.1) in the case when single chemical 
potential is present. 



4 Reissner-Nordstrom black hole in arbitrary dimen- 



sion: 



In this section our main focus will be on the Reissner-Nordstrom black holes in various 
dimensions. Besides showing the validity of eqn.(3.1), we will analyze the general cutoff 
dependence of the conductivity by choosing a hypersurface at a finite distance from the 

horizon. This immediately makes clear how one can prove the relation a B = o'H^^p'J 
for more general setup. Action is given by 



d d+l x^g~ 



1 ( p | d(d-l) 1 
2k* K L 2 ' Ag 2 . 



(4.1) 



The expression for the metric and gauge field for Reissner-Nordstrom black hole in arbi- 
trary dimension are 



ds' 



= ^(-/M* 2 + ^ + |>w), 



and 



r 



d-2 



where f(r) = 1 - (1 + ^){^) d + ^(^) 2( ^ 1) and 7 2 



(d-l)g 2 L 2 
(d-2)k 2 



(4.2) 
(4.3) 

. Let us note that 



boundary is at r = and /i and r + are chemical potential and horizon radius respectively. 
Various thermodynamic quantities are given by 



L d-i 
2k 2 r d + 



7 



(d-1) 



d-l 



k 2 r d r 2 - 2 ' 



T 



and 



T = 



1 



Anr. 



+ 



d- 



(d - 2)rV 

7 2 



2tt L d - X 



(4.4) 



(4.5) 



In order to compute the electrical conductivity we have to solve the eqn.(2.11) for this 
back ground. The eqn.(2.11) takes the form (in u — >■ limit) 



d J(r) d , . 2k 2 n 2 (d-2) 2 r d - 1 . 



dr r d ~ 3 dr 



g 2 L 2 r 2 + (d~ 2 ) 



(4.6) 



The solution takes the form 



(/ ,-o|l r ,- 2 2(d-l)(d-2)fcVrt d , 
1 ' ' d [g* L 2 {d - 1) + (d - 2) fcV^] 1 

where O is the boundary value of the perturbed field 0(r). Now according to eqn.(2.28) 



0"H 



</>(? = r H ) 

00 



2 



2 * 2 



/ (d - -{d- 2fk Vr + 

H ^d[(d - 1)(? 2 L 2 + (d - 2)k 2 ^r\] 1 ' 

Now using the fact that e = (d — 1)P and the thermodynamic quantities in eqn.(4.4) and 
eqn.(4.5) we can express right hand side of eqn.(4.8) as 

So we have shown explicitly that for Reissner-Nordstrom black hole in any dimension, the 
expression for conductivity in eqn.(3.1) is valid. 



4.1 Cutoff dependence of conductivity: 

For convenience we take the metric and gauge fields as taken in [2]. The asymptotically 
AdS black charged p— brane solution are of the form 

dsl +2 = -h(r)dt 2 + — + e 2t(r) dx i dx i , 
p h[r) 

Qr ^l-£Y (4.10) 



p — 1 \ r p 



where 



e* = — . (4.11) 

r h 

What we observe is that these are Reissner-Nordstrom black hole in p + 2 dimension with 
gauge coupling set to one and a = ^ziy- Let us consider a cutoff at radius r = r c outside 
the horizon. One can define thermodynamic quantities there. If the hawking temperature 
is T H , the local temperature at the cutoff radius can expressed as 

T c = T(r c ) = -^=, T fl = %l (4.12) 
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The entropy density of the fluid at r c is given by s = pt( - r \ which reduces to s 
as r c — > Th- Other thermodynamic quantities are 



2tt 



e + P 



Vh (ti 
~ 8^G \ 2h 



(4.13) 



where e and P are energy density and pressure of the fluid at r c . Let us note that for 
r c ->■ r h 

e + p = sT c . (4.14) 



The chemical potential at r c is 



p = 



y/h' 



which vanishes at the horizon. So that the thermodynamic relation 

e + P = sT c + pp, 



(4.15) 



(4.16) 



holds at any arbitrary radius. In order to find out electrical conductivity we need to solve 
eqn.(2.11) for this back ground and then use eqn.(2.30) to find out conductivity at radius 
r c . The solution can be obtained easily and conductivity can be written down at any radius 
r c . But here we follow a slightly different route which might be helpful to generalize the 
results in more general background. We propose that the form of conductivity at any 
radius r c is given by 

sT 



e + P 



(4.17) 



where a c = cr(r c ), and cfh = &(j'h)- The expression for an is same as given in eqn. (2.29). 
Let us note that, at the boundary eqn. (4. 17) reproduces the desired result where as at the 
horizon, because of eqn. (4. 14), a c reduces to au which it should. Comparing eqn. (4. 17) 
with eqn. (2.30), we get 



</>(r c ) 
<P{r h ) 



e + P 



sT 
sT + pji 



sT 



sT 



(4.18) 



where p and s, the charge and entropy densities are related to total charge Q and entropy 
S by a multiplicative factor of volume respectively. So we get | = ^. It was also noted 
in [2], that S, Q are independent of cutoff radius r c . Using eqn. (4. 12) and eqn. (4. 15) we 
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get 4 



<Kr H ) 



1 + 
1 + 



P 



sT H 
Q 



ST; 



H 



A(r c ) 
A(r c ). 



(4.19) 



Now only work that is remaining is to find whether the solution of the form given in 
eqn.(4.19) solves eqn.(2.11). One can very easily check that this is indeed the case. So to 
summaries, the solution to eqn.(2.11) is given by 



0(r) 



e + P 



sT 



<P{r h ) 



sT 
eT~P 



00, 



(4.20) 



where r — » oo is the boundary and 0o is the boundary value of (f>. The electrical conduc- 
tivity for the fluid at any radius r c is given by 



sT 



(4.21) 



5 Imaginary part of conductivity cfq = £y(A): 

In order to gain full knowledge of current-current correlator we need to determine the 
imaginary part of the electrical conductivity. As we will see, this part of the conductivity 
also behave in a universal way. Using eqn.(4.20) and eqn.(4.18) we can write, 

r— toe \ / r^oo 




Mr) 0o, (5.1) 



where primes denote derivative with respect to r. At the boundary, imaginary part of the 
conductivity is given by 



9(A) = lim (5-2) 



4 For the cases where A t (rh) 0, the solution takes the the form = 1 + -p^[A t (r c ) — A t (rh)]- 
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Using eqn.(2.8) and eqn.(2.4) i.e. p = —^y / —gGng tt g rr A' t (r), we get 

1 P 2 

S(A) = P —. (5.3) 

It is interesting to compare eqn.(5.3) with eqn.(2.34). Up on comparison we find, 

1 = 2n 2 fdr (5 4) 



Let us note that, in the case when /i = 0, = 1. So we get 



1 =2k 2 f du 9 ^ tt , (5.5) 



e + P " Jo V=gg. 

which is the result reported in [1]. 

Again one can study the cutoff dependence of imaginary part of the conductivity. 
Rather than providing details, here we write the result 



v / r c \ / r->oo 

So at the horizon, imaginary part of the conductivity vanishes (since gttij'h) = 0). 



6 Thermal conductivity: 

Thermal conductivity is defined as the heat current response to thermal gradient in the 
absence of electrical current. It can be computed using the expression 

where a is the electrical conductivity. For a brief discussion see appendix A. Using the 
results of electrical conductivity discussed in earlier sections, we find 

s 2 

H T \r c = o H —T c , (6.2) 

p 

which diverges at the horizon since temperature goes to infinity at the horizon. One 

m 

interesting thing about the thermal conductivity is that ^ ^(z^) 2 is universal as was 

noticed in [3]. Our initial aim was to prove the universality where the the form of thermal 
conductivity as in eqn.(6.2) is very useful. But as we will see, there are other difficulties 
which we don't know how to tackle properly. 
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Universality of Thermal conductivity: In [3] it was observed that 



e+P . 



r. d — 1 C . 

= ;p(d+T)P (6 ' 3) 

Though the proof of this statement was provided for the case of ji — > 0, but there 
was no proof at non zero chemical potential. In what follows, we show that indeed 
eqn. (6.3) is satisfied for a large class of black holes with non zero chemical potential. 



• Proof at zero chemical potential: In [3], a proof was provided for this case. 
Following [13] we can write, 

1 d , 



-kT 



d-3 



(6.4) 



d-24n 

P = cT d , X = k'T d ~ 2 , (6.5) 

where c and k' are related to total and charged degree of freedom of boundary 
gauge theory (see [13] for details). Using eqn. (6.1), we can write 

Kt 9 / \ 2 1 1 1 



_rj_ 

rT 2 



rp4 



(6.6) 



Now taking ji — > 5 , using e = (d — 1)P, x — ^ we immediately get 



k t 2 
^ =d 



d 2 /c \ 



(6.7) 



We repeat same proof using explicit metric solutions. The metric in this case is 
written by 



ds 2 = r 2 ( 



(6.8) 



In the probe approximation we take Maxwell part of the action to be of the form, 

, 1 



d d+1 



FmnF 



MN 



(6.9) 



The charge susceptibility can be computed using (see [1]) 



P 



dr 9rr9tt9d +l {r) 



(6.10) 



5 Let us note here that in the limit ^ — > 0, the charge density p — > 0, but the ratio ^ remains finite. 
This fact makes the ratio finite (non zero). 
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where horizon is located at r^. Using the form of the metric and 5^+1 ( r ) 
we find 

P d ~ 2 d-2 



2 r h 



P 92+i 

d-3 

Following [1] we can write, a = -4—Qxx and using 

9d+l 



we reach at 



e + P = sT, 



K T 2 



1 = L 

s 47r' 



27T ^1 



K 



2 1 a 



2 9xx I r=Th , 



Svr 2 9 2 d+1 gt\r h ) 
(d-2) 2 k 2 r d h ~ 2 

Svr 2 g 2 d+1 
(d-2) 2 k 2 ' 



constant, 
(6.11) 



(6.12) 



(6.13) 



Upon comparing eqn.(6.3) and eqn.(6.13) gives, 

d 2 /c'\ 8tt 2 g 2 d+1 



d-2 



(d-2) 2 k 2 ' 



(6.14) 



• Charged Black Hole: To prove eqn.(6.3), we need to evaluate 



-^/i 2 = (e + PJ 



;)' 



r]T 2 



(6.15) 



For general charged black holes there are few difficulties in evaluating eqn.(6.15). 

1. To get expression for boundary conductivity, we need to solve differential equa- 
tions of the form eqn.(2.11), which in general is not easy to solve. 

2. For a general action (Maxwell part ) of the form 



S = - [ d d+1 x \T~9~r~2 — G(t)FmnF mn , 



(6.16) 



the expression for the charge susceptibility is given by 



P 



^ 9rrgtt9d+l 

G(r)V=g 



(6.17) 



Unless the explicit form of metric is known, it is not possible to compute 
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If we make use of our proposal that a = ^qrjsp & Horizon , then 

2 1 a 



= Tp^vh, (6.18) 

where we have used 7 = 4^- So we see that although we can get rid of some of the 
difficulties, the difficulty stated in point 2 is not solved yet. To proceed further, we 
prove eqn.(6.3) by taking different backgrounds. 

• Reissner Nordstrom Black Hole: Using the results in section 4, we get (in the 
following we set L — 1) the expression for charge susceptibility, 



-d+2 



p _ d- 2 



(6.19) 



and 



1 d-3 

oh = ~^—9xx (r h ) 
1 1 



a 2 r d - 3 ' 

9d+l r h 



(6.20) 



Now using eqn.(6.18) we get 



mf 1 



rjT (d-2) 2 k 2 

Hence we have proved eqn.(6.3) for arbitrary dimensional RN black hole. 



R charged black holes in arbitrary dimension: In this case the Maxwell part 
of the action (see [14] for details) looks like 

S = - [ d d+1 x V~~9~r\ — G{t)FmnF mn (6.22) 

where, G(r) = H' s=l (r), and metric takes the form 

d-l ^ 
ds 2 = -H-^(r)f(r)dt 2 + H^(r)r 2 ^dx 2 + H^{r)——dr 2 , (6.23) 



i=i 
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where H(r) is a harmonic function and defined by H(r) = 1 + -£=5. Let us note 
that near boundary f(r) ~ r 2 and H(r) ~ 1. For our purpose we do not need to 
know the constant a. Now using eqn.(6.10), we get 



/*oo 

P \-l „2 / r 9rr9tt 



which after some calculations yields £ = ^r—(d — 2)r^~ 2 H(r h ). Using 

<TH = -£-G(r h )gSt(r h ), (6.25) 

and using eqn.(6.18), we get 



kt 2 8tt 2 
tjT^ (rf-2) 2 k 2 

d 2 / c \ 
d-2\WJ' 



(6.26) 



In the appendix B, we further discuss about the issue how one can avoid the difficulty as 
raised in point 2. 



7 Lifshitz like black holes: 



Due to possible applications in condensed matter systems, there have been lots of work 
[15-26] going on to understand transport properties of gauge theories dual to both un- 
charged and charged Lifshitz like black holes. Motivated by this, our aim in this section is 
to explore thermal and electrical conductivities for these class of black holes. This section 
is organized as follows. First we review the geometry and thermodynamics of uncharged 
Lifshitz like black holes. Then we discuss transport coefficients such as electrical conduc- 
tivity. For the charged Lifshitz case, after discussing geometry and thermodynamics, we 
focus our attention to the computation of electrical conductivity. 



7.1 Uncharged Lifshitz black holes: 



The metric for this case is given by 

2z A 2 2 ^ 

* 2 = £2 [-^/(«>* 2 +^+^I> 2 ]. m-i-^. (t.i) 
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The horizon is located at u — 1 and the boundary at u — 0. We take uncharged Lifshitz 
black brane (7.1) as the background and treat the Maxwell action 



S F = 



%, 2 



d+2 



(7.2) 



as perturbations. Here ga+2 denotes the coupling constant. The Maxwell equation is 

1 



-9 



(7.3) 



The electrical conductivity reads 



a B = G(u) g 
9d+i 



d-3 

2 
XX 



r0(«)i 


to 


- 00 - 





u=l 



(7.4) 



At u; — > , to get conductivity we need to solve 



(7.5) 



where N(u) is same as in eqn.(2.8). Solution of eqn.(7.5) that is regular at the horizon 
is given by <f>(u) = (f>o, where 0o is the boundary value of the perturbed field. Since at 
zero chemical potential, conductivity at the horizon and at the boundary are the same 
(as <f>(u = 1) = (f>(u = 0)), we get 



| d-1 

2 9 xx 



9d+2 



u=l 



which upon using metric (7.1), gives 



(7.6) 



Using the definition of £ one finds, 



9d+2 



(Lro) 



d-2 



P 



f 



* dr 9rr9tt9 2 d+ i{r) 
V~9 

j d-2 
9d+2 



(7.7) 



(7.8) 



For these class of black hole, we have 



e + P = Ts. 



(7.9) 
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Taking P = cT t z we get s = c'—T*. Moreover = jt^T, so that we can write 



w 4tt 

—5 (d — Z)( :) * J * 

fc'T^. (7.10) 



In this notation the conductivity can be expressed as 



r ' 1 / 47T z-2 d-2 

a — k- -)— T— . 7.11) 



We can construct interesting ratio 



77 C d — Z . 1 x9 2 . ,, 2( Z -1) 

- ' ,J_ *(,z + cf)^^. (7.12) 



<jT~ k' z An 

Taking z — > 1, reduces to known result [13]. Let us note that in the above we have used 

L d z , 4vr xd L d - 2 . , 4tt .d_, ,_ io . 

, — _ — [d-z)(—-)~. (7.13) 



4(7^+2 z + (Tz + gj +2 y /K z + d 

7.2 Charged Lifshitz black holes: 

It was noted in [20] that the following action 

s - / dMx ^ (R - 2A - 3 F2 - \ m ^ ] (7 ' 14) 

admits (d + 2)— dimensional Lifshitz space-time with arbitrary z 

d 

ds 2 = L 2 (-r 2z dt 2 + - 2 dr 2 + r 2 Y,dx 2 ) (7.15) 

i=i 

as a solution. If one adds a second Maxwell field (F{) i.e. 

s = ii / - 2A - 3 f2 - r" 2 - 42 - <" 6 > 

then the metric of the black hole turns out to be , 

ds 2 = L 2 (-r 2 *dt 2 + ±dr 2 + r 2 J2dx 2 ), f(r) = 1 - (7.17) 

i=i 

The mass parameter and the cosmological constant are given by 

7d 1 

m 2 = g, A=- — [z 2 + z(d-l) + d% (7.18) 
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while the massive vector field and the second Maxwell field strength are given by 



A t =\l^—^Lr z f(r), F lrt = qLr M . (7.19) 

Let us note that in the above z = 2d and = q 2 /2d 2 . 
When -2 = 1, the above ansatz leads to 

^^'[-VHtf + ^j + r't^], /(r) = 1 -^ + _^_ 5 _, (-.20) 

and 

A t = 0, F rt = 0. (7.21) 
The second Maxwell field and the cosmological constant are given by 

_ qL d(d+l) 
*irt-^j, A . (7.22) 

In order to complete our discussion on charged Lifshitz black hole, we now discuss 
thermodynamics of these solutions. The temperature and entropy are given by 

T =JZ< S BR = ^rl (7.23) 

47T 4G d+2 

where = q 2 /2d 2 and Vd denotes the volume of the d— dimensional spatial part. Let us 
note that 

P 

X = - 
P 

' (z - d)L d - 2 r d Q - z 



16nG, 



d+2 

1 , ,n,W O ,4:71, d-z _d-z 



z-d)L d ~ 2 (—)—T—, (7.24) 



and 



167^+2 " Z 



Now assuming that the first law of thermodynamics is satisfied we get, 

1 



e + P = ——zL\i d . (7.26) 

87rCr d+ 2 
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7.3 Electrical conductivity: 



In this section we shall use the coordinates u = (—)%. In this coordinate, f(u) = 1 — u 2 . 
In order to compute electrical conductivity we follow steps as discussed in section 2 and 
section 3. Using the differential eqn.(2.11) we reach at, 

d 2 ., 1 (I f(ii) 1-2; 2 

du 2 



1 df(u) 4-2s w , , 



The regularized solution at the horizon takes the form 



<f>(u) = 0. 



(7.27) 



4>{u) = -0c 



„-rr[-i+}]r 


5 1 V16-8Z-7Z 2 
4 z 4z 


r 


5 1 , Vl6-8z-7z 2 
4 z 4z 


r[|-f]r 


1 , 1 V16-8Z-7Z 2 
4 z 4z 


r 


1 , 1 , V16-8Z-7Z 2 
4 z 4z 





2-^1 
+00 2-Fl 



I V16 - 8* - 7^ 2 5 I V16 - 8* - 7^ 2 5 

z Az ' 4 z Az 



2"? M " 



I I V16 - 8* - 7^ 2 I 1 V16 - 8* - 7^2 1 2 ,._ 
"4 + I 5 • "I + 7 + 47 • "2 + < 7 - 28 > 



where O is the boundary value of (f>(u). The boundary conductivity is given by 



<p(u = 1) 2 



>(u = 0) 
1 (M>) 



d-2 



1677(17^+2 



To compute conductivity we need to calculate ( ^" = oj ) 2 - 



= 1), 
0(M = 0)' 

1) - 

0(u=O) - 



(7.29) 



• z = A, d = 2: In this case ( ^„ = q) ) 2 ~ 0.24, so that conductivity is given by 

erg = 0.24 a H 
0.24 



1677^+2 



• z = 6, d = 3: Here (g^) 2 ~ 0.27, which gives 



ob = 0.27 an 
0.27 



(£r ) 



1677(17 d+ 2 

0.27 r/ 27T x i i 

— L(—)->T6 

16nG d+2 V 3 ; 



(7.30) 



(7.31) 



In general the conductivity can be written as 



C Ld _ 2 An ^yfca 
167rG d+ 2 l ^ ; 



(7.32) 
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where C = ( ^Zgj ) 2 - It is important to note that above expressions only depends on 
temperature (no dependence in chemical potential), since charge and temperature are 
related by T = 

Let us note that, using eqn.(7.23) and eqn.(7.26), eqn.(4.9) gives 

(sTf 

(e + py 

= 0.25 a H , (7.33) 



® Boundary ( r \ TD\2^^° 



which is independent of z, d. What we observe is that, electrical conductivity of charged 
Lifshitz like black holes given in eqn.(7.30) and in eqn.(7.31) differs slightly from eqn.(7.33). 



7.4 Thermal conductivity for Lifshitz like theories: 

In the following we discuss thermal conductivity and thermal conductivity to viscosity 
ratio for both uncharged and charged Lifshitz like black holes. 



• Uncharged Lifshitz black holes: Now we can construct the ratio 2 , which 
after computation gives 

(4nrl(z + d)l— (7.34) 



r]T 3 ~- z(d — z) k' 

By taking z — 1, above ratio reduces to 

k t h 2 (d+lfc 



(7.35) 



r]T d - 1 k' 

To match with the result of the previous section one simply has to make the substi- 
tution d — > (d — 1) in order to match the convention of previous sections (compare 
metrics) . 



Charged Lifshitz black holes:The thermal conductivity can be computed using 

For charged background we have, 

P = c'T^f p ^), X = k'T^f x ^), (7.37) 



where 



z , 4vr , „ . , L d ~ 2 w 4tt 



d — z 



> k =77-7^(d-z)(—)^. (7.38) 



4:Gd+2 z + d z + d 16irGd+i z + d' 

21 



Using all the above formulas and eqn.(7.32) we get, 

^. 2 !3M c(4 „M ( , + d)! _l_|. ( , 39) 

For the case z = 6, d = 3 , we have C — 2.12 and for z = 4, d = 2 we have C = 1.76. 
Let us note that, if we compare eqn.(7.39) with eqn.(7.34) we see that charged 
and uncharged cases are same up to some numerical factor. Let us also note that 
for the case of asymptotically AdS charged or uncharged black holes, the thermal 
conductivity to viscosity ratio were same. 



8 Conclusion: 

At zero chemical potential, it was shown in [1] , that expression for electrical conductivity 6 
is given by 

1 d-3 

(8.1) 



9d+i 



d-3 



r=r h 

given that the form of Maxwell part of the action is 



S = _ / d d+1 x ^J^F MN F MN . (8.2) 



It was also argued that radial evolution of electrical conductivity at zero chemical potential 
is trivial, as a result evaluating conductivity at any radial position gives same result. As 
we have seen, at non-zero chemical potential (//) , radial evolution is nontrivial. Based on 
few observations, we have proposed that, at /j, ^ 0, given that the form of Maxwell part 
of the action is 

S = - [ d d+1 x \f~~Q~7~2 — G(t)FmnF mn , (8.3) 
the electrical conductivity at the boundary is given by 

r=r h (e + P) 2 



\ ^ d^3 

o~b = ~^—G(r)g x i 
9d+i 



(8 - 4) 



^ d-3 

where a H = -^—G(r)g x i 



, is the electrical conductivity radially evaluated at the 

r=r h 

horizon 7 . We have also computed the cutoff dependent conductivity which interpolates 



6 Let us note that, at zero chemical potential, authors in [27], deduced the full set of five-dimensional 
operators induced by stringy corrections which are present in any theory that has an AdS§ *Ms structure, 
and computed the electrical conductivity. 

7 Let us note that, at /i = 0, (and taking G(r) = 1 to match the form of eqn.(8.3) with eqn.(8.2)) 
eqn.(8.4) reduces to eqn.(8.1) 
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smoothly between the results at the horizon and at the boundary. We have also shown 
that, once the real part of the conductivity is known, the imaginary part of conductivity 
is automatically fixed. To summaries, in the presence of chemical potential the electrical 
conductivity 8 can be expressed as 



ue + P 



+ 



9 2 d+ i 



G{r) g 



d-3 
2 

XX 



r=r h 



(e + Pf 



1.5) 



Using eqn.(8.4), we could show that, for sufficiently general background 

We also computed the electrical conductivity and then thermal conductivity to viscosity 
ratio for both uncharged and charged Lifshitz like black holes. In the case of charged 
Lifshitz like black holes, eqn.(8.4) does not hold . The value of thermal conductivity to 
viscosity ratio differs from that of uncharged case by some numerical factor. Let us note 
that, 

P = cT*?f P (p, X = k'T^f x (p. (8.7) 

Now for charged Lifshitz black holes, since chemical potential (/i) and temperature T 
are related , functions f p , / x 's becomes numbers. This implies finding out c and k' are 
problematic. If we account for these facts carefully, thermal conductivity to viscosity ratio 
for charged and uncharged case might agree. 
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A Relation between universal conductivity of stretched 
horizon and boundary conductivity: 



Consider the Maxwell part of the action of the form 

, 1 



- / d d+1 



x y/-g 



jp jpMN 



(A.l) 



where gJ +1 (V) in general is a r dependent coupling 9 . The electrical conductivity at any 
radius is given by (see eqn. (2.30) and for further details see [4,5]) 



cr(r c ) = 



d-3 

Qxx 



Let us note that at the horizon conductivity is 

<?(r c = r h ) 



ld+i 





■</>(r = r h )- 


^ r=r h 


L 0(r c ) J 










I \ 9 " 


ox 1 , 


(r) 


/ r=r h 



(A.2) 



(A.3) 



which is entirely given by geometrical quantities evaluated at the horizon. In order to 
understand radial evolution of conductivity we consider the cases with vanishing and 
non-vanishing chemical potential separately. 



A.l Radial evolution of conductivity at zero chemical potential 

Let us note that at vanishing chemical potential, the term M(r) = in eqn. (2.11). If 
we impose ingoing boundary condition at the horizon and impose 0(r — > oo) = <po, at the 
boundary , then one can show that solution to eqn. (2.11) is given by 0(r) = <p , at any 
radius i.e. is a constant. Now using eqn. (A.2) we get, 



d-3 
2 

XX 



r=r h 

= v»=o(r h ). (A.4) 

So we conclude that at vanishing chemical potential boundary and horizon conductivity 
is the same. 

• Relation with universal conductivity of the stretched horizon: The univer- 
sal conductivity of the stretched horizon is given by (see [1]) cr mb = p— Now 
we see 

d-3 

O"CF7>=0 = °mb 9xx (r h ), (A. 5) 

9 Lct us note that, in the notation used in eqn. (2.1), 4 2 1 , . = ^-4 — G(r) 
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d-3 

where factor g x £ (r h ) converts the length scale in CFT to proper length scale at 
horizon [1,4] (let us note that in d dimension, conductivity has a mass dimension 
d-3). 



A. 2 Radial evolution of conductivity at finite chemical potential 

At non zero chemical potential we have (assuming A t (rh) = so that A t (r —> oo) = /i , 
see eqn.(4.19)) 

*W = l + -L_ Mr j. (A.6) 



(f)(r h ) sT H 
Using eqn.(A.2) we get, 

( 1 4=i\ ( sT H \ 2 

cr»M r c) = , 2 i \ 9xx -= — ■ jy-^ , (A.7) 

\ 455+1 ( r ) / r=rh V sT h + pA{r c ) J 

which implies 

<rtfo(r h ) = I A ^ gJT ) (A. 



4^ +1 (r) 



r=r h 



and 



<T&o(r ->■ 00) = # 



1 ^ \ I sT H 



2 

XX 



4^+i (r) y U + P 
= ^Mr h )(^^j ■ (A.9) 

So we conclude that at finite chemical potential boundary and horizon conductivity are 
different and there is a simple relation between them. 

• Relation with universal conductivity of the stretched horizon at finite 
chemical potential: Again the universal conductivity of the stretched horizon is 
given by <r mb = gi nce again we observe that, 

d-3 

cr^o (r h ) = a mb g x % (r h ), (A. 10) 

and 

°CFT,f,M r ~> 00 ) = °m?> ^ ( r ^) I ) • (A- 11 ) 

Let us note that at ji — 0, eqn.(A.ll) reduces to eqn.(A.5). 
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B Thermal conductivity: 



In the following we first review the hydrodynamics with multiple conserved charges (see 
[5]) and write down an expression for thermal conductivity. The single charge case was 
discussed in [7] . 

• Relativistic hydrodynamics with multiple conserved charge: The continu- 
ity equations are normally presented as 

<yp- = o, cVf = o (b.i) 

where 

= (e + P)u»u v + iy + r"", Jf = + z/f (B.2) 

In the above e and P are the local energy density and pressure respectively, is 
the local velocity and it obeys — — 1, where as and are the dissipative 
parts of stress-energy tensor and current. 

One can choose w M and p^'s so that 

u^ v = uX = . (B.3) 

We also have 

m m 

e + P = Ts + tfPi, de = Tds + Y^ ^ d Pi- ( B - 4 ) 
i=\ i=i 

One can write 

m / j j\ 

^ = -EM 9 "t + mV9a t (R5) 

3=1 V J 

and similarly for r^ v (see [7]) . To interpret x^- as the coefficient of thermal conduc- 
tivity, consider no charge current i.e. J° = 0, 10 but there is an energy flow, T ta ^ 0, 
which is the heat flow. Take u a to be small so that one gets using eqn. (B.2) 



j'=i 

From which one can reach at 



p t u a = J2^d a ^- (B.6) 



T ta = (e + P)u a 

= — ^ ( €j ^) 2 (d"T--^d"P), (B.7) 

'In our notation fi, v runs from t, 1, 2...D , where as a runs from 1, 2, ...D, and i,j are R-charge indices. 
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hence the coefficient of thermal conductivity can be read off as 

e + P\ 2 f 



«r = ( — ) — • (B-8) 

1,3=1 



Note that, can be found out from greens function as 



= —iucTij, (B.9) 

where Jf = —Gij(u,q = Q)A X - and <Tij(u,q = 0) can be obtained using current- 
current correlator as discussed earlier. 



Let us note that for single charge black hole — hi — = -4. Therefore 



Kt = 



e + P x 


2 

)* 


PT , 


e + P x 


2 


P / 


If 



(B.10) 



C Proving universality of thermal conductivity: 

As was discussed in the text that there are few problems in order to prove the thermal 
conductivity to viscosity ratio. Here we discuss how one can over come that difficulty. 



General single charged black hole: The metric that we want to work with is of 
the form 

ds * = _ e -2 { d-2)U{r) f{r)dt 2 + ^(r)^^ + ^ 

The Maxwell part of the action takes the form 

S = - I d d+l x \f^~9~r~2 — G{t)FmnF mn . (C.2) 
J 4 5 'd+i 



Using eqn. (6.10) we get, 

P Jrt 



° , 9rr9tt 

ar 



r G(r)^=g~ 

oo e 2(2-d)U(r 



rco e 2(2-d)U(r) 

gl+i L dr wv^- (c - 3) 
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Let us note that, unless we know explicitly the functions G(r), U(r), it is not pos- 
sible to evaluate R.H.S. of eqn.(C.3). However, here we can make use of first order 
formalism of supergravity, which we are going to review below (see [29] and ref- 
erences there in for details). For simplicity we concentrate on five dimension i.e. 
d — 4. The relevant part of the five-dimensional action is 

S = j^g~ 5 J (R ~ 9a - -Gab F a n F bmn - V pot ^j . (C.4) 

Space-time metric is Qmn ■ The real scalar fields X A satisfy the constraint 

l -C ABC X A X B X c = 1. (C.5) 

The metric Gab is given by 

1 c 9 

Gab = — 2 GabcX + -X a X b , (C6) 

where ^ 

X A = - Cabc X b X c . (C7) 

Let us note that X a Xa = 1, which follows from (C.5). 

Following [14] we consider non-extremal electrically charged static black hole solu- 
tions 

dsl = - e - AU fdt 2 + e 2U f- l dr 2 + e 2U r 2 dT? k , / = k - ^ + q 1 t 2 e 611 , (C.8) 

where U = U(r), f = f(r). Here dY<l denotes the line element of a three-dimensional 
space of constant curvature with metric r) a p, either flat space (k = 0), hyperbolic 
space (k = —1) or a unit three-sphere S 3 (k = 1). The presence of a non- vanishing 
parameter m is necessary in order for the solutions to have a horizon. We also have 

X A = le- 2U H A , (C.9) 



as well as 



where Ha is given by 



3 



F t A = e~^^^, (CIO) 
H A = h A + ^. (C.ll) 



The physical electric charges Qa are related to the q A by 

QaG AB Q b = kq A G AB q B + mq A G AB h B . (C.12) 

If we write F£ = — d r <p A (r), then 

QA^ A = -{k- T ^) e~ 2U q A X A + kq A h A . (C.13) 

We chose the integration constant in such a way that Q A <f> A vanishes at spatial 
infinity. 
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Single charge: Let us take planer black hole i.e. k — 0. Let us also note that, in 
our notation physical charge density is pa = ^qQa- Using eqn. (C.13) and eqn. 
(C.12) we can write, 



0l 
p 



1 



The expression for horizon conductivity is an = ^qGhQ, 
ductivity to viscosity ratio reads, 

4ns 



(C.14) 
The thermal con- 



r=r h 



K T 2 



(-) 



;<Jh 



AG 



1 — Cii<?L(~) 2 



r=r h 



•d+1 P 

Using h — 1, Gn = 2 (x i ) i anc ^ ec l n - (C-14), ec l n - (C.15) gives 



(C.15) 



rfT 

= 2tt 2 . 



r=r h 



(C.16) 



1 



1 



• Multi charge: Here we take Gab to be diagonal for simplicity. Note that in this 
case the expression for boundary conductivity is a matrix and contains off diagonal 
terms but horizon conductivity is diagonal and proportional to Gu. We propose 
the following to hold. 

(C.17) 
(C.18) 

(C.19) 



Since 



and Gjj = G H we get, 



i—Y 

Pi°uPj Pi^hjiPi e + P 
1 



cthji 



4ttG, 



d+l 



r=r h 



-] II 
Pl a H,IlPl = ^G d+1 9xx piG pi 

As Gab is diagonal, we can also write pqi = Q\ so that 

^ = 4nG-^e- 2U ^ q -^- 
P 1 r\ e Qj 

r± 



r=r h 



(C.20) 
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As a result we obtain, 



fit ^ IIL 

7=1 r + 7=1 



Using G n = 2(X / ) 2 , we get 

E(^) 2 = i e " 4l/(rh) E^ G// - ( c - 22 ) 



2r 

7=1 ft 7=1 

The thermal conductivity to viscosity ratio reads, 



m 



U + PY E(0/)2 



m 

E(0') 2 

=1 



Now using eqn. (C.22) and s = 4G 1 ■ ; g j g 



m 



47rG d+1 

3 

we reach at, 

r=r h 



47rsg| a — — . (C.23) 



r=r h 



2tt 2 . (C.24) 



Let us note that, 

d 2 fc\ vr g 2 d+1 



d-2\k'J {d-2) 2 G d+l 

= 2vr 2 , (C.25) 

since g d+1 = 8nG and d — 4. Generalizing the above results for the cases with arbitrary 
Gab is interesting but not straight forward. 



D Thermal conductivity for non abelian black hole: 

In this section we discuss thermal conductivity to viscosity ratio for black hole with non 
abelian gauge fields. The gravity background is written in [30]. The action contains 
gravity with SU (2) gauge fields 11 

C = —^—{R + d{d-l)-Ft 1N F« MN ) , (D.l) 

11 Let us note that e abc below can be changed to any other structure constants of a Lie algebra to have 
the general results for arbitrary Lie groups. 
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with 



A charged black-brane solution in a general boosted frame is 

ds 2 = -r 2 V(r)u fl u u dx fJ, dx u - 2u )l dx^dr + r 2 (rj^ + u^) dx^dx v 



d-l q a 
2(d - 2) r d ~ 2 



u^dx^ 1 , 



with 



(D.2) 

(D.3) 
(D.4) 

(D.5) 



where it is simply obtained by embedding the U(l) Reissner-Nordstrom black-brane into 
a Cartan direction inside SU(2) which is specified by q a (a = 1,2,3). The conserved 
577(2) currents are 



= p a u» 



So charge density and chemical potential reads, 

P a 



4:nG d+1 



I / (d-l)(d-2) 



Since 



and crw oa = 



(d - 1) q a 

i 



1 



3-d 
2 



we get 



r=r h 



a\2 



a=l 



1 o=l 
4(^2 3 

d+1 E(p") 2 



a=l 



4vr 2 



(d-2)* 



Let us note that, 



d 2 



a (c\ 



J* 9d+i 

{d-2fG d+1 

Air 2 
(d-2) 2 ' 



since 



9d+i 



AttG, 



d+l- 



(D.6) 



(D.7) 
(D.8) 



(D.9) 



(D.10) 
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